The Breit correction, the finite-light-speed correction for the Coulomb interaction of the electronelectron interaction in O 1/c 2 , is introduced to density functional theory (DFT). Using this newly developed relativistic DFT, it is found that the possible outermost electron of lawrencium atom is the p orbital instead of the d orbital, which is consistent with the previous calculations based on wave-function theory. A possible explanation of the anomalous behavior of its first ionization energy is also given. This DFT scheme provides a practical calculation method for the study of properties of super-heavy elements.
I. INTRODUCTION
The periodic table of the elements, one of the most fundamental information for general science, is determined by the electronic configuration, and represents periodicity of fundamental atomic properties, such as the ionization energy and the electron affinity. Recently, superheavy elements (SHEs), such as nihonium (Z = 113) [1] , moscovium (Z = 115) [2] , tennessine (Z = 117) [3, 4] , and oganesson (Z = 118) [5] , were synthesized. Synthesis of heavier elements are still ongoing. However, the positions of the SHEs in the periodic table are yet tentative since their chemical properties have not been established.
A recent experimental measurement of the first ionization energy of lawrencium (Z = 103) [6] casts doubt on the current placement of the SHEs in the periodic table. The measured value does not follow the tendency of the other 5f -block elements, which is common to the ionization energy of lutetium (Z = 71) among the 4f -block elements. In addition, compared with the vertically neighboring elements in the 4f and 5f blocks, the first ionization energy of lawrencium is smaller than that of lutetium, whereas those of the other 5f -block elements are larger than those of the corresponding 4f -block elements, respectively. With these anomalous features of lawrencium-we refer to this as "the puzzle of lawrencium" hereafter-it has been discussed in IUPAC [7] whether the suitable places of lawrencium and lutetium is the f or d block. In fact, a previous theoretical calculation assuming the electronic configurations referring to the current periodic table has failed to predict these features [8] .
The above-mentioned results indicate that the heuristic alignment of the SHEs on the current periodic table may not generally reflect the actual electronic configurations in their atomic forms. Due to short half-lives of the * naito@cms.phys.s.u-tokyo.ac.jp SHEs, first-principles numerical simulations are essential tools complementary to experiments for its determination.
The first-principles approaches to the electronic properties are classified into two groups: density functional theory (DFT) [9] [10] [11] and wave-function theory. The latter includes the configuration interaction (CI) [12] [13] [14] and coupled cluster (CC) [15] [16] [17] methods. These methods are widely used but applicable only to atoms and small molecules. The former, on the other hand, enables us to simulate larger systems like solids with a compromise between the accuracy and numerical cost. Development of DFT is interesting as it could pave a way to study the electronic properties of molecular and even solid systems including SHEs.
In principle, the electromagnetic interaction between two electrons entering the Dirac Hamiltonian is derived from the Lagrangian of the quantum electrodynamics (QED) through the two-body scattering amplitude [18] . After the calculation of the quantum field theory in the Coulomb gauge (div A = 0), in the atom with the atomic number Z, the electron-electron interaction with O (Zα) 2 is called the Breit correction [19, 20] , whereas the Coulomb interaction between two electrons is O (Zα). Here, α = e 2 / (4πε 0 c) ≃ 1/137 is the fine-structure constant. The breit correction is usually called as the relativistic effect or the finite-light-speed effect. The higherorder terms than the Breit correction are called as the QED effects, which are O ((Zα) n α m ) with n ≥ 2 and m ≥ 1, and it is α times or much smaller than the Breit correction [21] . Note that the relativistic correction of the Coulomb potential due to the atomic nucleus is O (Zα) n α m (m e /M Nucl ) l with n ≥ 2, m ≥ 1, and l ≥ 1, where m e and M Nucl are the masses of electrons and atomic nuclei, respectively, and because of m e /M Nucl < 1000 this effect is negligible [21] .
The lowest order of relativistic effects incorporated by using the Dirac equation instead of the Schrödinger equa-
Once the relativistic effects incorporated by the Dirac equation is considered, the Breit correction between two electrons should also be considered to keep consistency. Hereafter, we refer to both the Breit correction and effects incorporated by using the Dirac equation as "relativistic effect" for simplicity. So far, the electronic structure calculation based on wave-function theory with the relativistic effects in O 1/c 2 have been performed [22] [23] [24] [25] [26] [27] [28] . There, "the puzzle of lawrencium" has also been addressed [22, 26, 27, 29, 30] , which suggested that the outer-most electron of lawrencium is p electron instead of d electron.
In contrast, DFT with consistent inclusion of the relativistic effects up to order O 1/c
2 has yet been unprecedented. Up to now, there have been separate studies considering only the correction to the Hartree energy due to the current-current interaction term [31] , and those considering only the correction to the exchange-correlation functional in the ab initio local density approximation (LDA) [32, 33] or the empirical generalized gradient approximation (GGA) [34] .
The accuracy of DFT is, in general, lower than that of wave-function theory. Nevertheless, it is therefore interesting to develop the DFT-based complete order O 1/c 2 method and see how comparable it is to the wave function-based one in accuracy. Moreover, study of DFT with the relativistic effects is desired, since DFT is applicable to the larger systems, such as molecules and coordination complex ions, whose syntheses are now ongoing under experiment [35, 36] , and even solids.
In this paper, the relativistic effects in O 1/c 2 are considered in DFT. The form of the Hartree term including the effects is constructed in this work, whereas the relativistic exchange-correlation functional derived by Kenny et al . [33] is used. As a benchmark calculation, all-electron calculation of selected atoms including lutetium and lawrencium are performed, and "the puzzle of lawrencium" is revisited with DFT. This paper is organized as follows: First, in Sec. II, the theoretical framework of DFT with the Breit correction is introduced. Then, in Secs. III A and III B, benchmark calculations for atoms are shown. In Sec. III C, the possible reason of "the puzzle of lawrencium" is suggested. Finally, in Sec. IV, the conclusion and perspectives of this paper are shown. In Appendix A, the detailed discussion about the relativistic exchange-correlation functional is shown, and in Appendix B, deviation of the relativistic Hartree term is shown.
II. THEORETICAL FRAMEWORK
In this section, the relativistic DFT with the Breit correction is formulated. We start from the Dirac equation instead of the Schrödinger equation, where the Breit correction is considered in the electron-electron interaction V int . To use the Kohn-Sham scheme, the Hartree term E H and the exchange-correlation functional E xc should be reconstructed, since V int is no longer the original Coulomb interaction.
Hereafter, the Hartree atomic unit is used, i.e., m e = = 4πε 0 = e 2 = 1 and c = 1/α, and the Coulomb-Breit interaction refers the electron-electron interaction with Breit correction as well as the Coulomb interaction.
A. Original Hamiltonian
In general, the Dirac Hamiltonian in quantum manybody problems readŝ
whereT is the kinetic operator, V ext is the external potential, and V int is the interaction between electrons. Note that the Hamiltonian (1) operates to the Dirac spinor andT is the Dirac kinetic operatorT D instead of the Schrödinger kinetic operatorT S . The Dirac kinetic operatorT D is written in sum of the single-particle Dirac kinetic operator for electronst
Here, α j and β j are the Dirac matrix for the jth electron,
where σ x , σ y , and σ z are the Pauli matrices, and O 2 and I 2 are the 2 × 2 zero and identity matrices, respectively. The Coulomb-Breit interaction
is employed to the electron-electron interaction V int , where r jk = r j − r k , r jk = |r jk |. The first term is the original Coulomb interaction and the second term is the Breit correction [19, 20] . The kinetic operator for the nuclei is neglected and V ext is the interaction between the atomic nucleus and electrons. Only the Coulomb interaction is considered for V ext , since the finite-light-speed correction to V ext is proportional to m e /M nucl much smaller than that to V int [21] :
B. Non-Relativistic Reduction
According to the Hohenberg-Kohn theorem [9] , the universal functional F of the electron density ρ with respect to the kinetic operatorT and the interaction V int gives the ground-state energy of the Schrödinger Hamiltonian via
The exchange-correlation energy functional E xc is defined with this F as mentioned later. The standard functionals, such as the PZ81 [37] and PBE [38] functionals, are applicable only to the Schrödinger scheme. In the present case, the exchange-correlation functional should be reconstructed on the basis of the Dirac Hamiltonian.
Since only positive-energy states are usually interested, non-relativistic reduction of the Hamiltonian is used for this scheme. One of the most widely used non-relativistic reduction methods is the Foldy-Wouthuysen transformation [39] [40] [41] [42] . The Foldy-Wouthuysen transformation of the Hamiltonian given in Eq. (1) derived by Kenny et al . [43] iŝ
where the correction terms V
The first and second terms of V ′ 2 correspond to the electron-electron Darwin and retardation terms, respectively. As long as spin-unpolarized systems are considered, such as the closed-shell atoms are concerned, the second and third lines of Eq. (10) vanishes.
C. DFT with finite-light-speed correction
In order to reformulate DFT on the basis of H FW , the Hartree term E H and the exchange-correlation functional E xc in this scheme is derived. Here, the universal functional F in Eq. (7) is separable into four parts
where T 0 is the kinetic energy for non-interacting systems, the second term is the Hartree term with the Coulomb interaction, the third term is the relativistic correction for the Hartree term, and the fourth term is the exchangecorrelation term which includes the effects of V ′ 2 as well as the Coulomb interaction. Hereafter, the Wigner-Seitz radius
is used as well as the density ρ itself. The LDA exchange-correlation functional E xc for this interaction j<k 1/r jk + V ′ 2 (r j , r k , s j , s k ) has been derived by Kenny et al . [33] : This exchange-correlation energy density ε xc is written as
where the exchange-correlation energy density ε xc satisfies
Here, ε non-rel xc is the LDA exchange-correlation energy density in the non-relativistic scheme, and in this calculation the PZ81 functional [37] is used.
Relativistic correction of the Hartree term, E Hrel , is constructed from the first line of Eq. (10). The first and second terms of Eq. (10) represent the Darwin term and retardation effect, respectively. Relativistic correction to the Hartree energy and potential correspond to the first term of Eq. (10) are
respectively. In contrast, the contribution of the second term to E Hrel is proved to be zero (see Appendix B). The physical meaning of this vanishment is that the retardation represents finite-energy transfer, while the Hartree term corresponds to zero-energy transfer. For calculation of isolated atoms, the spherical symmetry is assumed to the effective Kohn-Sham potential V KS , since the V ext has the spherical symmetry and is much stronger than the V int . In the one-body relativistic correction V ′ 1 , the delta function is included, and this term often causes numerical instability. In order to avoid this problem, the scalar-relativistic approximation [44] 
is applied to the single-particle Schrödinger kinetic operator and the external potential,t
, where M is the energy-dependent effective mass
∆ r is the radial component of the Laplacian
and l is the azimuthal quantum number. With this approximation, the one-body relativistic effects V ′ 1 are included accurately. Hence, the Kohn-Sham effective potential does not include V ′ 1 explicitly as
where V xc is the exchange-correlation potential. It should be noted that if the spin-orbit interaction is added to the scalar-relativistic Hamiltonian, the eigenvalues and eigenfunctions of the Hamiltonian are exactly identical to those of the original Hamiltonian, whereas the FoldyWouthuysen transformed Hamiltonian not [45] .
D. Spin-Orbit Interaction
The spin-orbit interaction, which is ignored with the scalar-relativistic approximation, is treated as follows. It is known that the spin-orbit interaction in electron systems is weak enough [46] , and hence, it is treated in the first-order perturbation theory. The spin-orbit interaction in this scheme is
where j = l ± 1/2 is the total angular momentum. Here, κ = + (j + 1/2) for j = l + 1/2 and κ = − (j − 1/2) for j = l − 1/2. Correction of the single-particle energy due to the first-order perturbation theory for the spin-orbit interaction is
where ψ n,l and ε n,l are the Kohn-Sham single-particle orbitals and energies, respectively, and R n,l are the radial part of ψ n,l .
III. CALCULATIONS AND DISCUSSION
In this section, calculation results given by the present scheme are shown. Electronic properties of atomic systems are calculated as a benchmark. The electron density is approximated to be the spherical symmetric.
The scheme developed in this paper is called as "SRel-CB", which is an abbreviation of the scalar-relativistic scheme with the Coulomb-Breit interaction. The results are compared to those with the non-relativistic, scalarrelativistic, and full-relativistic schemes without the Breit correction. The non-relativistic scheme means the original Schrödinger formalism, while the full-relativistic scheme means the original Dirac formalism. The PZ81 [37] functional is used as the exchange-correlation functional for the latter three schemes.
A. Radium
The ground-state energy of a radium (Z = 88) atom is calculated. The electronic configuration of the atom is [Rn] 7s
2 . Therefore, the spin-orbit interaction in the first-order perturbation theory does not affect the total ground-state energy and density.
The electronic single-particle energy of the radium atom calculated in the SRel-CB scheme with and without the spin-orbit interaction (SO) are shown in Table I . For comparison, those calculated in the non-relativistic (Non-rel) and scalar-relativistic (Scalar-rel) schemes are also shown.
We show in Table II that sum of the single-particle energies j ε j , the kinetic energy T 0 , the Hartree energy E H , the exchange-correlation energy E xc , the external potential energy E ext , and the total energy E tot calculated in the SRel-CB, Non-rel, and Scalar-rel schemes. For comparison, the ratio of each energy to that of the Non-rel scheme is also shown.
Density distribution ρ (r) calculated in the SRel-CB scheme is shown in Fig. 1(a) as solid line. For comparison, those calculated in the Non-rel and Scalar-rel schemes are shown as long-dashed, dashed lines, respectively. The ratio of density distribution to that in the Non-rel is shown in Fig. 1(b) .
First, let us see the effect of the one-body correction V ′ 1 . We can find in Fig. 1 that the density in the Scalarrel scheme is localized than that in the Non-rel scheme. This is because V ′ 1 is the attractive force and thus the external attractive potential V ext gets stronger. The singleparticle energies summarized in Table I indicate that the s and p orbitals are bound more deeply due to the massvelocity effect, while d and f orbitals are bound more shallowly in order to be orthonormal to s and p orbitals as known, e.g., in Ref. [47] . The external potential energy, E ext , and the kinetic energy T 0 are changed significantly due to the localization as shown in Table II .
In contrast, effects coming from V ′ 1 and V ′ 2 are opposite to each other. We can find in Fig. 1 that the density in the SRel-CB scheme is delocalized than that in the Scalar-rel scheme. The single-particle energies summarized in Table I indicate that the s and p orbitals are bound more shallowly, whereas d and f orbitals are bound more deeply. As shown in Table II , the exchangecorrelation energy E xc in the SRel-CB scheme is much smaller than those of the other schemes, while the other energies, ε j , T 0 , E H , and E ext , of the SRel-CB scheme are almost the same as those of the Scalar-rel scheme. Since the exchange-correlation energy contributes to the total energy less than 10 %, even though that in the SRel-CB scheme is changed drastically from those in the other relativistic calculations, the density distribution in this work is almost the same. More detailed discussion will be given in the next subsection.
B. Groups 1, 2, and 18 Elements
In order to discuss the systematic behavior of relativistic effects in this scheme, properties of all the groups 1, 2, and 18 atoms are calculated. We do not address the hydrogen atom since it has only one electron and therefore the exchange-correlation term is zero. All the group 18 atoms are closed shell and all the group 1 and 2 atoms are closed shell plus s electrons. Therefore, the spin-orbit interaction does not affect the total energies in these atoms in the first-order perturbation theory.
The total energies calculated in the Non-rel, Scalarrel, and SRel-CB schemes are shown in Table III . It is seen that the relativistic effects of V We here analyze the contributions of the Hartree E H TABLE I. Single-particle energy of radium calculated in the scalar-relativistic scheme with the Coulomb-Breit interaction without and with the spin-orbit interaction as "SRel-CB" and "SRel-CB + SO". For comparison, those calculated in Non-rel and Scalar-rel schemes with and without the spin-orbit interaction are also shown. The spin-orbit interaction is considered as the first-order perturbation theory discussed in Sec. II D. All units are in the Hartree atomic unit. Sum of the single-particle energy j εj, the kinetic energy T0, the Hartree energy EH, the exchangecorrelation energy Exc, the energy come from the external potential Eext, and the total energy Etot of radium atom calculated in the Non-rel, Scalar-rel, and SRel-CB schemes. In order to compare, the normalized energies where those in the non-relativistic scheme are normalized in 100.0 % are also shown. All units for the energies are in the Hartree atomic unit. and exchange-correlation E xc energies and energy from the one-body term T 0 + E ext separately. The ratios of these values in the SRel-CB scheme, E SRel-CB , to those in the Non-rel scheme, E non-rel , are shown in Fig. 2 , and ratios to those in the Scalar-rel, E scalar-rel , are shown in Fig. 3 . Those for the Hartree energy E H , exchangecorrelation energy E xc , and energy from the one-body term T 0 + E ext are shown in solid, long-dashed, and dotdashed lines, respectively. Since the one-body operator in this work is the same as that in the Scalar-rel scheme, the ratio of the one-body term T 0 + E ext is not shown.
Non
The relativistic correction to the external potential V ′ 1 , which is the attractive force, makes the external attractive potential stronger, whereas that to the interaction V ′ 2 , which is also the attractive force, makes the repulsive interaction smaller. Thus, the relativistic effect makes the energy due to the potential, E ext , larger, while that makes the energies due to the interaction, E H and E xc , weaker. However, a lot of effects are entangled to each other in the self-consistent step, especially, the KohnSham orbitals are changed, and eventually E H in the SRel-CB scheme is larger than that in the non-relativistic scheme.
Between E H and E xc , E SRel-CB /E non-rel for E H is smaller than E xc . The interaction includes the finitelight-speed effect as well as effects coming from the Dirac equation, whereas the finite-light-speed effect of the Hartree term vanishes. Therefore, it can be concluded that the finite-light-speed correction is more significant than effects coming from the Dirac equation for the electron-electron interaction.
C. Lawrencium and Lutetium
We compare the energies of two cases of the electronic configuration of lawrencium atoms, where one valence electron occupies the 6d orbital ( spherical. Since there is strong spherical (central) external potential caused by the atomic nucleus, it is assumed that the single-particle energies and total energies are scarcely affected by the non-sphericality of V KS . The energies calculated with above-mentioned configuration are shown in Table IV . All energies are calculated in the Non-rel, Scalar-rel, and SRel-CB schemes. The smaller values for the respective approximations in each atom are shown with the bold font.
On the one hand, in lutetium atoms the electron prefers to occupy the d orbital rather than the p orbital with all schemes. On the other hand, in lawrencium atoms the electron prefers to occupy the p orbital rather than the d orbital in the SRel-CB scheme, whereas it still prefers the d orbital in the Non-rel scheme like the lutetium case. In addition, the electron is unbound for lawrencium atoms in the Scalar-rel scheme.
The present results suggest that a valence electron occupies p orbitals in lawrencium atoms, where the finitelight-speed correction to the Coulomb interaction has crucial role. The occupation of p orbital could be the origin of the anomalous behavior of the lawrencium [6, 7] .
IV. CONCLUSION
In this paper, density functional theory (DFT) with the Breit correction, which represents the finitelight-speed correction to the Coulomb interaction in O (Zα) According to the calculation in this work, DFT with the finite-light-speed correction, the outer-most electron of lawrencium atoms occupies the p orbital whereas that of lutetium atoms occupies the d orbital. This different electronic configuration may cause the anomaly of the ionization energy of lawrencium atoms. This result is consistent with the previous works calculated by wavefunction theory [22, 26, 27, 29, 30] , while the computational cost is lower than those of previous works. It should be noted that the p-block elements are defined as those whose outer-most electrons occupy the p orbitals [48] . Laurencium, thus, belongs to the p block, not d according to the definition. It seems, however, more appropriate to regard that the concept of "block" becomes ambiguous for the heavy elements, as the electronic configuration of lawrencium is almost the same as that of lutetium, apart from the only difference of the outermost electron. Reconsideration of the classification appropriate for super-heavy elements would be mandatory.
For the atomic systems, the accurate wave-function theory such as the CI and CC methods are feasible, but they become impractical for molecular and solid systems compared with DFT. Since the relativistic effects are now implemented to DFT in this work and it provides consistent results with those by the wave-function methods, with which reliable calculation of properties of molecules TABLE IV. Assumed electronic configurations and total energies for lutetium and lawrencium atoms in Non-rel, Scalar-rel, and SRel-CB schemes. Two types of electronic configurations are considered. The lower energies in each calculation are shown with the bold font. All units are in the Hartree atomic unit.
Atoms
Assumed and solids of super-heavy elements is expected to be feasible. These complementary methods may help to understand and predict the atomic properties of the super-and hyper-heavy elements. In the future, theoretical prediction of the periodic table of the elements may be attained with these complementary methods.
In addition, precise calculation and measurement of the super-and hyper-heavy elements will help to test the QED [49, 50] and the electric dipole moment of electrons and atomic nuclei, which is related to CP and T symmetries [51, 52] , as well as properties of the atoms itself.
It is known that some properties of solids are better Fig. 2 but compared to the Scalar-rel scheme. Since the one-body operator in this work is the same as that in the scalar-relativistic calculation, energy from the one-body term T0 + Eext is not shown.
reproduced by GGA instead of LDA [53] . So far only the relativistic version of the B88 exchange functional [34] has been known, which includes some empirical parameters. Thus, non-empirical relativistic exchangecorrelation functionals within GGA is interesting.
Relativistic effects for the spin-polarized systems are also interesting. In the two-body correction V ′ 2 , the spinorbit and spin-spin interactions between two electrons exist, while this term vanishes in the spin-unpolarized systems. This effect has never been considered and this may give rise to non-trivial phenomena. Also, the Hartree energy due to the retardation term V ′ 2 , which is zero in the time-reversal symmetric case, can be nonzero. In order to consider these effects in the calculation of solids, construction of the pseudopotential is also required [54] . The LDA form derived by Kenny et al . [33] is used in this paper to consider the Breit correction for the exchange-correlation functional E xc . This form has been constructed in the same way as the non-relativistic LDA exchange-correlation functional, PZ81 [37] , while the Coulomb-Breit interaction is used for the electronelectron interaction V int instead of the Coulomb interaction.
There is another relativistic correction for the exchange functional in LDA derived by MacDonald and Vosko [32] . This functional is constructed in the same way as the nonrelativistic LDA exchange functional, i.e., the HartreeFock-Slater approximation as
The relativistic correction to the correlation part is not considered in this functional. In this appendix, the above-mentioned two relativistic corrections for E xc are discussed. The relativistic corrections derived by Kenny et al . [33] and by MacDonald and Vosko [32] are referred as "LDA-RK" and "LDA-RMV", respectively. In Table V , the total energies calculated in the nonrelativistic and relativistic LDA exchange-correlation functional are shown, where the PZ81 functional is used for the non-relativistic functional, while the LDA-RK and LDA-RMV functionals are used for the relativistic functional. For comparison the result with the nonrelativistic GGA exchange-correlation functional is also shown, where the PBE functional [38] is used. For the kinetic term and the Hartree term, the Non-rel scheme is used. In Fig. 4 , ratio of the total energy calculated with LDA-RK, LDA-RMV, and PBE to that calculated with PZ81
are shown in solid, dashed, and dot-dashed lines, respectively. On the one hand, LDA-RK includes the relativistic correction for the correlation energy together with that for the relativistic exchange energy. On the other hand, LDA-RMV includes only the correction for the exchange energy. Two functionals give almost the same results. Therefore, the relativistic correction for the correlation term is negligible.
In addition, even in Z ≃ 40 region, the relativistic correction and the gradient correction for the total energy are comparable while the sign of ∆E tot are opposite to each other. In Z > 50 region, the relativistic correction for the total energy is larger than the gradient correction. This example implies that the impact of the relativistic correction can be as significant as the gradient correction in a wide range of the systems. In this section, derivation of E Hrel (Eq. (16)) is appended. We define the contribution from the first and second terms of V ′ 2 as E H1 and E H2 , respectively, as E Hrel = E H1 + E H2 ;
where the summation runs over the occupied states only. The j = k contribution can be included in Eqs. (B1) and (B2) since they are canceled by the exchange terms, and thus j =k can be replaced to j,k . Here, we derive the density functional forms of E H1 and E H2 . The first term E H1 is straightforwardly transformed as
Next, relativistic correction E H2 is derived with the assumption that the system has the time-reversal symmetry. Here, the density is written with the single-particle Kohn-Sham orbital as ρ (r) = occ j ψ * j (r) ψ j (r) .
The time-reversal symmetry ensures that any complex conjugate of the occupied eigenstate is also occupied eigenstate and here its index is denoted as j * ; ψ * j =: ψ j * . Thus, the component occ j ∇ψ * j (r) ψ j (r) can be written as 
Equation (B2), hence, reads
Here, in the atomic systems, the density ρ satisfies ρ (r) → 0 in r → ∞. Under this assumption, since 
Finally,
is followed.
